
See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/324149704

Natural Frequencies and Mode Shapes for Vibrations of Rectangular and

Circular Membranes: A Numerical Study

Article · March 2018

CITATIONS

14
READS

887

2 authors:

Some of the authors of this publication are also working on these related projects:

Tool wear in high speed machining View project

Coating techniques and applications View project

Navid Namdari

University of Toledo

13 PUBLICATIONS   70 CITATIONS   

SEE PROFILE

Amir Dehghan

19 PUBLICATIONS   152 CITATIONS   

SEE PROFILE

All content following this page was uploaded by Navid Namdari on 01 April 2018.

The user has requested enhancement of the downloaded file.

https://www.researchgate.net/publication/324149704_Natural_Frequencies_and_Mode_Shapes_for_Vibrations_of_Rectangular_and_Circular_Membranes_A_Numerical_Study?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/324149704_Natural_Frequencies_and_Mode_Shapes_for_Vibrations_of_Rectangular_and_Circular_Membranes_A_Numerical_Study?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Tool-wear-in-high-speed-machining?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Coating-techniques-and-applications?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Navid_Namdari2?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Navid_Namdari2?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/University_of_Toledo?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Navid_Namdari2?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Amir_Dehghan3?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Amir_Dehghan3?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Amir_Dehghan3?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Navid_Namdari2?enrichId=rgreq-5b1b351dad7056c6fb50c953e7bf5330-XXX&enrichSource=Y292ZXJQYWdlOzMyNDE0OTcwNDtBUzo2MTA2ODg4ODgyMjE2OTdAMTUyMjYxMDk4NTg4MA%3D%3D&el=1_x_10&_esc=publicationCoverPdf


International Research Journal of Advanced Engineering and Science 
 ISSN (Online): 2455-9024 

 

 

30 

 
Navid Namdari and Amir Dehghan, “Natural frequencies and mode shapes for vibrations of rectangular and circular membranes: A 

numerical study,” International Research Journal of Advanced Engineering and Science, Volume 3, Issue 2, pp. 30-34, 2018. 

Natural Frequencies and Mode Shapes for Vibrations 

of Rectangular and Circular Membranes: A 

Numerical Study 
 

Navid Namdari, Amir Dehghan  

Mechanical Engineering Department, University of Toledo, OH, USA 

Email address: navid.namdari@rockets.utoledo.edu 

 

 
Abstract— The main goal of present study is to simulate vibrations of 

rectangular and circular membranes using COMSOL software. In the 

simulation procedure, two rectangular and one circular membranes 

with constant thickness have been modeled in COMSOL software. 

For rectangular and circular membranes, external edges along the 

perimeter considered to be fixed at zero displacement to simulate the 

boundary conditions as the Dirichlet boundary conditions. Then 

natural frequencies and mode shapes are obtained by considering an 

initial displacement, for simulated membranes. In order to validate 

the results, two-dimensional wave equation solved for rectangular 

membranes by considering the Dirichlet boundary conditions. 

Natural frequencies are derived from the wave equation analytically 

and are consistent with COMSOL simulations with less than 1% 

difference. 

 

Keywords— Natural Frequencies, Vibrations of Membranes, 

COMSOL software. 

I. INTRODUCTION  

Engineers and scientists have been trying to solve the 

constitutive equations which they have derived for their 

models. In many cases, the constitutive equations include 

linear or nonlinear partial differential equation (PDEs). [1-14] 

Solving the linear and nonlinear PDEs is not usually an easy 

solution and nonlinear coefficients make the PDEs very 

complicated. COMSOL is a useful cross-platform finite 

element analysis software designed for different simulation 

problems such as heat transfer, stress analysis, vibration and 

so on. [14-22]. ABAQUS software is one of the popular FEM 

software which has been used for wide range of study. 

Extracting accurate results in ABAQUS depend on defining 

the boundary conditions, steps of the solution, type, and size 

of meshes carefully [22-34]. Handful heat transfer, stress 

analysis and vibrations studied have been done using available 

commercial FEM software. Currently, COMSOL is using 

widely because not only is a user-friendly software but also 

allows coupling a linear or nonlinear equation to the model.  

[34-50] 

The objective of the present study is to simulate the 

vibrations of rectangular and circular membranes by using 

COMSOL software. In the simulation procedure, two 

rectangular and one circular membranes have been modeled 

for extracting the natural frequencies and mode shapes during 

vibrations. Dimensions of the first and second rectangles are 4 

by 2 ft. and 4 by 3 ft. respectively. To defining the Dirichlet 

boundary condition, external edges along the perimeter 

considered to be fixed at zero displacement. Then response of 

each rectangular membrane subjected to a given initial 

displacement condition obtained. For validation purposes, 

two-dimensional wave equation solved for rectangular 

membranes by considering the Dirichlet boundary conditions. 

Natural Frequencies obtained by the wave equation and 

COMSOL software have less than 1% discrepancy.  

II. VIBRATIONS OF THE 2D RECTANGULAR AND CIRCULAR 

MEMBRANES  

For a rectangular membrane in the x-y plane with a length 

of L and width of K the wave equation can be written as: 
2 2 2

2

2 2 2

z z z
C

t x y

   
  

   
 

To describe the Dirichlet boundary conditions, external 

edges along the perimeter assumed to be fixed at zero 

displacement. Moreover, the initial velocity is zero at the onset 

of the vibration. Boundary conditions for vibrations of a 

rectangular membrane can be written as: 

( ,0, ) 0Z x t   

( , , ) 0Z x k t   

(0, , ) 0Z y t   

( , , ) 0Z L y t   

( , ,0) 0
Z

x y
t





 

The solution of the wave equation for the selected 

boundary conditions is as: 

1 1( , , ) .sin sin cos( )n m nm nm

n x m y
Z x y t a w t

L k

 
 

 
     

where, nmw  is the natural frequency and can be written as: 

2 2

2 2
.nm

n m
w C

L K
   

For a circular membrane in the x-y plane with a radius of 

R, the wave equation can be written in polar coordinates as: 
2 2 2

2

2 2 2

1 1
. .

z z z z
C

r rt r  

    
   

   
 

The Dirichlet boundary conditions are defined in a way 

that external edges along the perimeter of the circle are fixed 

at zero displacement similar to rectangular membranes. 

Likewise, the initial velocity presumed to be zero at t=0. The 

https://en.wikipedia.org/wiki/Finite_element
https://en.wikipedia.org/wiki/Finite_element
https://en.wikipedia.org/wiki/Dirichlet_boundary_conditions
https://en.wikipedia.org/wiki/Wave_equation
https://en.wikipedia.org/wiki/Dirichlet_boundary_conditions
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boundary conditions for vibrations of a circular membrane can 

be written as: 

( , ) 0Z R t   

( ,0) 0
Z

r
t





 

The solution to the wave equation for the selected 

boundary conditions is as: 

 1 0( , ) . .cosn n
n n

J r J C
Z r t a J t

R R




   
     

   
  

III. RESULTS OF NATURAL FREQUENCIES AND MODE 

SHAPES FOR VIBRATIONS OF RECTANGULAR AND CIRCULAR 

MEMBRANES  

In this study, two rectangular and one circular membranes 

have been modeled for extracting the natural frequencies and 

mode shapes under vibrations. Dimensions of the first 

rectangle selected as 4 by 2 ft. Wave equation and boundary 

condition for the first rectangular membrane is as follows: 
2 2 2

2 2 2
25.

Z z z

t x y

   
  

   
 

2 2( , ,0) 0.1(4 ).(2 )Z x y x x y y    ) 

( , ,0) 0
Z

x y
t





 

Figure 1 shows natural frequencies and mode shapes for 

vibrations of the first rectangular membrane. 

Table 1 demonstrates a comparison between the analytical 

solution of the PDE and COMSOL results for the natural 

frequencies of the first rectangular membrane. 

 

  A)  

 

 B)  

 

 C)  

 

                               D)  

 

E)  

 
Fig. 1. Natural frequencies and mode shapes of the first vibrating rectangular membrane. 

 
TABLE 1. Comparison between the analytical solution of the PDE and 

COMSOL results  

NATURAL FREQUENCIES COMSOL PDE 
DIFFERENCE  

(%) 

 

1.25002π 1.25 π 0.0016 

 

1.5812 π 1.5811 π 0.0063 

 

2.0158 π 2.01556 π 0.0119 

 

2.305 π 2.3048 π 0.0087 

 

2.5004 π 2.5 π 0.0160 

 

Dimensions of the second rectangle are 4 by 3 ft. Wave 

equation and boundary condition for the second rectangular 

membrane is as follow: 
2 2 2

2 2 2
8.

Z z z

t x y
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  A)  

 

B)  

 

C)  

 

                          D)  

                                   
 

         E)  

               
Fig. 2. Natural frequencies and mode shapes of the second vibrating rectangular membrane. 

 

Figure 2 shows natural frequencies and mode shapes for 

vibrations of the second rectangular membrane. 

Table 2 illustrates a comparison between the analytical 

solution of the PDE and COMSOL results for natural 

frequencies of the second rectangular membrane.  

Finally, as it can be seen, Figure 3 shows the results of 

studying the vibrations of circular membranes to determine 

frequencies and mode shapes. 
 

 

 

TABLE 2. the Analytical and simulation results of the second vibrating 
rectangular membrane.  

NATURAL FREQUENCIES COMSOL PDE 
DIFFERENCE  

(%) 

 

1.17852 π 1.17833 π 0.0161 

 

1.69972 π 1.69941 π 0.0182 

 

2.014 π 2.01356 π 0.0218 

 

2.3216 π 2.321 π 0.0258 

 

2.3572 π 2.3566 π 0.0255 

 

 

 A)   

 

B)  
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       C)  

 

D)  

 
Fig. 3. Natural frequencies and mode shapes for vibration of the circular membrane. 

 

IV. CONCLUSION  

COMSOL software is a user-friendly finite element 

analysis package that can be used to solve linear or nonlinear 

partial differential equations (PDEs) in different areas such as 

heat transfer, stress analysis, and vibrations. In the present 

study, two rectangular and one circular membranes are 

modeled in order to extract the natural frequencies and mode 

shapes during the vibrations. For validation purposes, two-

dimensional wave equation solved for rectangular membranes 

by considering the  Dirichlett boundary conditions. Natural 

Frequencies obtained from the wave equations and COMSOL 

are in a very good agreement with less than 1% difference that 

shows the accuracy of COMSOL solutions. 
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